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Abstract-The strength of an eccentrically compressed wall is investigated by treating the wall as a beam~lumn.
The solution adopted is the column-curvature-curve method and the strength is subject to the criteria of stability
and strain limits. The material is assumed to be elastic-perfectly plastic. The yield stress levels in tension and
compression may be different. Strain limits for cracking and crushing are considered. Thus, the analysis is ap­
plicable to materials such as steel. unreinforced concrete, brick and masonry. In selected cases, comparison is
made with available and analytical results reported elsewhere and good agreement is observed.

1. INTRODUCTION

WALLS ARE.generally treated as compression members in building design. The compressive
forces may be applied eccentrically on the walls. Further, bending moments are often in­
duced by rotation of the floor girders. The strength of a wall must hence be investigated
using beam-column analysis.

In a recent paper [4] solutions are derived for the computation of elastic deflections
and elastic stability of compression members made of materials which exhibit a linear
elastic relation between stress and strain in compression and no tensile strength. In Ref. [4],
the load is assumed to be applied only at an eccentricity equal to or greater than the kern­
eccentricity and smaller than half of the thickness of the member. Herein, a more general
solution to this problem will be attempted. In this paper, the material is assumed to be
elastic-perfectly plastic and the yield stress levels in tension and compression may be
different. In addition, the limited ductility or the strain limits of the material are con­
sidered for cracking and crushing. Thus, the analysis is applicable to solid prismatic walls
made of masonry, brick or unreinforced concrete as well as metals, since these materials
have properties similar to those assumed in this paper. Further, the point of load ap­
plication may be inside as well as outside the kern-eccentricity region. The Column­
Curvature-Curve method (CCC method) developed recently by Chen and Atsuta [2J is
used herein to perform the beam-eolumn analysis.

The basic idea ofCCC method is the same as that of Column-Deflection-Curve method
(CDC method) in which the deflected axis of any column with different end moments can
be represented by a portion of the CDC's, but the application of the CCC method is much
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simpler. The CCC method was developed in Ref. [2] using analytical curvature solutions
due to Chen and Santathadaporn [1], as the consequence, the equivalent column concept
is clear and becomes a powerful means to solve moment gradient problems.

For the case of metals, only three cases of equivalent.columns cover all possible elastic­
plastic beam-eolumns [2]. Determination of the equivalent column length is the major
problem there, for which an iterative procedure is applied. Once the equivalent column
length has been known, the curvature distribution is uniquely given in an analytical ex­
pression, thus calculation of slope or deflection is straightforward by numerical methods.
Herein, the CCC method is extended to consider the materials described in this paper.

2. MATERIAL PROPERTIES

The material considered in this paper is elastic-perfectly plastic as shown in Fig. 1.

E = modulus of elasticity

(Tty = tensile yield stress (positive)

(Tey = compressive yield stress (negative)

Bto = cracking strain (positive)

BCD = crushing strain (negative)

(1)

Tension

CrushinQ

I-r-_ Croc:kinQ

Compression

FIG. I. Idealized stress-strain relationship.
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The yield stresses and strain are defined using the ratio 11 and the absolute value (Jy of
the stress in compression.

(2)

(3)

Thus, the analysis is applicable, in general, to materials which have different strengths in
tension and in compression.

For idealized steel 11 = 1

For idealized masonry 11 = 0

For idealized concrete 0 < 11 < 1.

3. MOMENT-CURVATURE-THRUST RELATIONSHIP
The wall has the thickness t and the height h as shown in Fig. 2. The loads are the

axial force P on the midthickness and the two end moments M A and M B •

The material properties, the geometry and the loads are considered invariant along
the width. Hence, a wall with a unit width is considered in this report. Therefore, it is the
same as a rectangular beam-eolumn of depth t, width 1·0 and length h.

h

Me
p

FIG. 2. Wall and beam-<:olumn.
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It is assumed that plane sections remain plane after deformation. Thus the strain
distribution is linear through the wall thickness. In terms of the mean strain e", and the
curvature cD (Fig. 3), the strain e at location y from center line is

(4)

,---.;---r-+--,..-.........._+--y

FIG. 3. Linear distribution of strain.

The boundaries of compression yield Yey and tension yield Yly are given by

1 1
Yly == i(e,y-e",) Yey == i(8ey -e",). (5)

Equation (5) has meaning only for

The stress is given by

!
(Jey

(J == E(cDy+e",)

(J,y

(y S Yey)

(Yey S Y S YlY)

(y,y S y).

(6)

(7)

(8)

In order to derive simple expressions for axial force P and bending moment M, the
following specially defined parentheses are convenient for use.

{
S (0 S S)

(S) ==
o (S SO).

Axial force and bending moment per unit width are

f
l /2 ft/2

P == (J dy M == (Jy dy.
-t12 -t12

(9)
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(lOa)

(lOb)

These may now be reduced to two simple equations using equations 2, Sand 8 (Fig. 3),

(lla)

(l1b)

The equations are next simplified using nondimensionalized quantities

a B
if =- e=-

ay By

p M C1>
p= m=- cP =-

Py My C1>y

where

t 2 2
Py = ayt M), = aY6 C1>y = By-.

t

(12)

(13)

(14)

Also, henceforth, a positive value for p indicates compressive force. Thus equation (11)
becomes

1
P = -e",- 4cp[<cp-1-e",>2_<cp-Jl+e",>2] (lSa)

I
m = cp- 4cp2[<cp-I-e",>2(2cp+l+e",)+<cp-Jl+e",>2(2cp+Jl-e",)]. (lSb)

Elimination of e", from equations (ISa) and (ISb) yields a relationship among the
bending moment m, the curvature cp and the thrust p in the elastic as well as elastic-plastic
regimes.

Since direct elimination is not possible, the m-cp-p equations are derived in four
different regimes separately (Fig. 4).
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(a) Elastic Regime

(4) ~.et .,. $ ~c)

m"

(e) Compression Yield Regime

(.ee<'" 'ec<" $ 'et)

~
m=3(1-p) -2 J -.-".-

(d) Combined Yield Re\lime

(+te<' or <Pct<!)

m = 3(1-p)(e+p) _.M-
I.}' 16+2

FIG. 4. 11Hp-P equations in regimes.

(a) Elastic regime «({J :::;; ({Jet and <p :::;; <Pec)

m == ({J.

(b) Tension yield regime (({Jet ::s; <Pec and ({Jet < <P ::s; <Ptc)

em == <p+p-2~[({J(p+p)]

m == 3(P+P)-2J[lu::,)JJ

(c) Compression yield regime (({Jec < ({Jet and <Pec < ({J :::;; <Per)

em == -(1 +({J)+2~[({J(I-p)]

m == 3(1- P)-2J[(1 ~P)JJ

(d) Combined yield regime «({Jtc < ({J or ({Jct < ({J)

Sm == ~(1_p_2p)_I-J.t
1+)1. 2

3(l-P)(J.t+p) (1+J.t)J
m == 1 + J.t 16<p2 .

(16a)

(l6b)

(l7a)

(17b)

(18a)

(18b)

(19a)

(l9b)
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In the present analysis, only positive curvature is taken into account without violating
the generality. The boundary curvatures used in equations (16-19) are given by

CPer = J1+P

CPec = 1-P

(1 + J1)2

CPrc = 4(J1 +p)

(1+J1)2
CPcr = 4(1- p)

(Elastic-tension yield)

(Elastic-eompression yield)

(Tension-eompression yield)

(Compression-tension yield).

(20)

The order in which the different distributions of stress as shown in Fig. 4(a-d) may
occur with increasing cP is of importance in the analysis. If the section is elastic throughout
under thrust p alone, its behavior under the bending moment m is initially governed by
Fig. 4(a). The addition of the moment m will increase cP and for some value of m, the section
will start to yield. Assuming the tension fibers begin to yield first, the behavior is now
governed by Fig. 4(b), and the boundary curvature between Fig. 4(a) and Fig. 4(b) is CPer'
If the curvature cP can further be increased to CPu' the compression fibers also begin to
yield and for any value of cP > CPrc the behavior of the section is governed by Fig. 4(d). By
similar reasoning, the other sequence of yielding is Fig. 4(a, c) and finally 4(d) and the cor­
responding boundary curvatures between Fig. 4(a and c) and between Fig. 4(c and d) are
CPec and cP" respectively.

Comparing the two initial yield curvatures CPer and CPec' it is known that

if p < 1; J1 , tension yielding occurs first

if p > 1; J1 , compression yielding occurs first.

Using this relationship, equation (20) can be simplified to

1+J1 1
1

- J1 ICPer, CPec = -2-- -2-- P = CPt

(1+J1)2
CPrc' CPcr = 4 = CP2'

CPt

Now there are only three regimes:

(a) Elastic regime (cp ~ CPt)

m = acp.

(b) Tension or compression yield regime (cpt < cP ~ CP2)

c
m = b- .JcP'

(21)

(22)

(23)

(24)
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(c) Combined yield regime (q>z < q»

(25)

where

a:= 1

(26)

(27)

f = (1+/l)3 ml'C = 3(1-p)(/l+p).

16 l+.u
The m-qr-p relationships derived in Refs [1] and [2] for steel beam-columns and in

Refs. [3] and [4] for plain concrete and masonry walls are special cases of equations
(23-26) with /l = 1·0 and /l = 0 respectively.

4. STRAIN UMITS

As one of the strength criteria, the wall is assumed to reach its ultimate state when the
strain at the extreme fiber reaches the strain limit of the material. The strain limits are

Geo = crushing strain (negative)

8to = cracking strain (positive).

Since the strain distribution is given by equation (4), these conditions are reached when

(28)

(29)

or nondimensionally

_ {q>+ecoe,.,= _
-<p+ Sto'

Substituting this elll into equations (16-19), the cracking curvature <Pto and crushing
curvature <Pea are obtained as follows:

<Pro:= ero+P

<Peo = -(Seo +p).

(b) Tension or compression yield regime (<PI < <Pro S <P2' <PI < <Peo S <P2)

eto +P 1.,)[(- )2 ( - )2]<Pto =-2-+2 Sto+P - .u-Gro

(30)

(31)
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s. COLUMN-CURVATURE CURVES

1291

(32)

For a beam-column AB of length L which is subjected to an axial force P, bending
moments MA and MB at the ends, there is an equivalent column of length L· which is
subjected only to the axial force

(33)

v
MAl B Me

P(A~----sq ) P
I L VI

FIG. 5. Beam-column and its equivalent column.

The beam-column AB is a part of its equivalent column A·B· as shown in Fig. 5. The
proof is presented in Ref. [2].

Since the end curvatures <I>A and <I>B are known from end moments MA and MB' using
the previously obtained moment-curvature-thrust relationship, the curvature distribution
along the beam-eolumn AB is determined if the curvature distribution of the equivalent
column A·B· (the column curvature curves) is known (Fig. 6).

There are five different types of equivalent columns as shown in Fig. 7. The governing
equation of a beam-eolumn is
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in which

W. F. CHEN and T. ATSUTA

FIG. 6. Curvature of beam-column AB.

k == J(~;)

EI == Et
3

(bending rigidity).
12

(35)

(36)

Using the previously derived moment-curvature-thrust relationships, (equations 23-25),
equation (34) may be reduced to a set of differential equations in ~ and P only [2].

~ ",,", ''',m,

p. >t--§f
Pl' Compression Yield Column

~~.~< ..._. _ ~<~c~

FIG. 7. Five types of equiValent column.
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For each type of column shown in Fig. 7, the curvature qJ is not solved explicitly. In­
stead kx is obtained as a function of qJ. In the solution, the maximum curvature at the
center qJ: is included as an integral constant. Details of the solution for each case have
been reported elsewhere [2].

If the maximum column curvature qJ: is known, the location X A and X B corresponding
to the end curvatures qJA and qJB are obtained exactly from equations (22 to 35) of Ref. [2].
The actual value of qJ: must be searched" by iteration until the computed length LAB be­
tween X A and XB becomes close to the length L of the beam-column.

(37)

The length LA.B is computed in four different cases as shown in Fig. 8. In each case, the
maximum curvature of the beam-eolumn qJm and its location Xm are given by the following
equations.

(a) Single curvature (qJAqJB ~ 0)

Type 1.

LAB = XB-X A

qJm = qJ A' X m = O.

Type I

LAB: xB - xI.

4>m: 4>" • xm: 0

Type 2

LAB: xl. + xB
4>m : 4>~ • Xm : XI.

Double Curvature (4)10 "'B < 0)

Type I

LAB: L- - xI. - xB

4>m : 4>10 • xm : 0

Type 2

LAB : L- + xI. - xB

4>m: ';' • xm: xI.

FIG" 8. Computation of column length L.fB'

(38)
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Type 2.

(b) Double curvature «((J..<PB < 0)

Type 1.

Type 2.

W. F. CHEN and T. ATSUTA

L..s = L*-x,,-xB

fPm = ((J",xm= O.

(39

(40

(41

In the above derivation, it is assumed (without loss of generality) that

I((JBI :s; fP.. •

6. NUMERICAL EXAMPLES

(42

Results of some numerical calculations are presented in Figs. 9 and 10. The ordinate
is the axial force p and the abscissa is the maximum curvature of the wall ((Jm' The p-<P..
planes are divided by the two dotted lines <P 1 and fP2 into four regimes: the elastic regime,
tension yield regime, compression yield regime and the combined yield regime. The thick

".00
Ey "0.00I25

m."p (e o tl6)
m.op

'!1. __ -- __0-

----- -

w
u
a:
o
~

0.4
...J
g
X
<{

o I 2 :3 4 5

MAXIMUM CURVATURE 4>m=flm 1/2

FIG. 9. Load-eurvaturc curves of masonry walls.
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5

,... =0.1
Ey =0.00125

m =p
'" (e = 1161ms=p

2 :3 4

MAXIMUM CURVATURE .m=~m 1/2

FIG. 10. Load curvature curves of concrete walls.
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solid lines represent load curvature curves for various slenderness ratios of hIt. Each curve
consists of a loading portion and an unloading portion. The peak 'points indicate the
stability limit of the walls. Strain limits are plotted by thin solid lines.

The stability limits (peak points) occur just after tension yield. Unloading takes place
mostly in the combined yield regime except for tall walls with no tensile strength (p. = 0,
hIt. > 30).

Figure 11 shows stability limits of walls with varying tensile strength (p. = 0 to 1-0).
It should be noted here that a small amount of tensile strength (p. = 0·1) improves the
strength of walls considerably. Thus the tensile yield stress should not be neglected in
analysis of plain concrete or masonry walls. Tensile yield stress greater than half of com­
pressive yield stress (p. > 0·5) has no effect except for very short walls (hIt < 10).

Figures 12 and 13 show the ultimate strength of a wall due to strain limits of p. = 0
and p. = 0·1 respectively. The thick solid line shows the stability limit. The dotted lines
and thin solid lines represent crushing failure and cracking failure, respectively.

Crushing occurs only in shorter walls but cracking occurs in most walls. A small
amount of ductility improves the strength of the wall considerably. This effect is noticeable
especially during cracking in masonry wall (Fig. 12). Large ductility (£,.. > 0·5£" I£e..l > 2£,,)
has little effect on strength of walls,

Figure 14 shows the stability limit of a wall (p. = 0 and 0·1) against different types of
loading. The parameter .YC is ratio of end moments (.YC = mBlmA ). Three loading cases
are investigated: symmetric loading (.YC = 1), one moment loading (.YC = 0) and anti­
symmetric loading (.YC = -1).
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FIG. 11. Strength of wall with various materials.

The strength of the wall under unsymmetric loading (Jt" = 0, -1) is considerably
greater than that in the symmetric case. This is because of the difference in the critical
length. Also, in these cases, the plastic hinge occurs at an end and the strength becomes
constant when the wall is short (Fig. 14).

7. COMPARISON WITH REPORTED RESULTS

In Ref. [4], analytical and experimental ultimal strengths of walls are reported. In the
analytical part Yokel [4] assumes that the material has no tensile strength (J-l = 0). The
compressive crushing strain limit eeo is the same as the initial yield strain eey (eeo = eey
= - ey) and the tensile strain limit is not defined (elo = (0). The loading is symmetric
(Jt" = 1) but eccentricity of the axial force is variable (e = t/6 and'e = t/3 are taken in
the example). The yield strain is ey = 0·001215 in pure compression. Strength in flexure is
assumed to be 1·6 times the strength in pure compression (e y = Q.(01944). Results of
Ref. [4] are plotted by open circles in Fig. 15.

To recompute these analytical results using the approach here, the ultimate strength
of the walls is investigated in four cases. In Fig. 15, the solid curves (a) and (b) represent
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o 10 20 30 40
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FIG. 12. Ultimate strength due to strain limits.
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stability limits of the walls with ey = 0·001215 and ey = 0·001944, respectively. Since
there are strain limits (eco = eCY = -ey), the strengths are reduced to the dotted lines
(a') and (b'). Applying the factor 1·6 to the p-value of the curve (b'), the crushing strength
curve (c) is obtained. The ultimate strength is represented by the stability part of curve (a)
and crushing part of curve (c). Figure 15 shows good agreement between the two analytical
results in both cases of eccentricity. It should be emphasized, however, that the experi­
mental results reported by Yokel [4] showed a considerable scatter about his analytical
curves, especially for the case e = t/3.

8. SUMMARY AND CONCLUSIONS

A method to analyze strength of walls of general materials is presented. An elastic­
perfectly plastic material is considered. The yield stresses and limited ductility or strains
in tension and compression may be different. In the analysis, the column-curvature-curve
method is used.

The loadings are axial compr~ssion and bending moments at the ends, which may be
unsymmetric. Further, the end moments are not necessarily due to eccentricity of the
axial force, they may be applied independently.

The small tensile strength and ductility of plain concrete or masonry are found to have
a significant effect on the strength of walls and should not be neglected in analysis. For
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FIG. 15. Comparison with Ref. [4).

unreinforced concrete, brick or masonry walls, compressive ductility greater than twice
the initial yield strain By and tensile ductility greater than half the initial yield strain £}'

are desirable features.
A good agreement was observed in some special cases with other reported results.
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A6cTapan'-HcCJIC.llyeTcli cOnpOTIlBJICHlle 3KcueHTp"nHo clKaToK CTeHbl, 06cYlK.aaJI 3Ty CTCHy B Billie

6anKIl-KonoHHbl. npllHllTOC peWCHlle llBJllleTCli MCTO.aOM KpHBOIi H3rH6a KonOHHbI H COnpOTHBJlCHHC

no.a'lIlHReTCR KpHTCpllRM YCToll'lHSOCTIl H npe.aenaM .LlCljlopMaUHIl. npe.LlnOnaraeTCR MaTepHan ynpyro­

If.l1CaJlbHOnnaCTIl'lCCKIfH. YpOBHIf llJlaCTH'ICCKIfX HanplIlKCHlf1i ,llJl1l ClKaTIfR H paCTlIlKeHHlI MoryT 6b1Tb

pa3HblC. PaCCMBTpHBIUOTCR npc.acnbl lleq,OPMBUHH .LlnR 06pa30BllHHll TpeWHH H pa3.aaBJlIfBllHIlR. 3aTCM

aHanH3 MOlKHO Hcnonb30BllTb K nose.aeHHIO TaKHX MBTepHanoB, KBK CTanb, HeapMHpoBllHHblli 6eTOH,

Klfpnlf'l HnH KHpnH'IHall Kna.aKa. ,llnll IfwpaHHblX cny'laeB • .aaerclI cpaBHeHHe C .LlOCTynHblMH aHanHTIl'l­

CCKMH pe3ynbTBTaMH, npC.l1nOlKCHHblMIl r.ac Hll6y.ab B .apyroM MCCTC, H Ha6nlO.aaeTClI Ha,llJlClKawee comaCHC.


